
 

Mark Schem e (Results)  

 

Sum m er 2016 

 

 

 
Pearson Edexcel GCE in Further Pure 

Mathem at ics 3 (6669/ 01)   

 

 

 

 

 

 
 
 

 

 

 

 

 

 
 

 

 

 

 

 
 

 

 
 

 

 

 

 



 

 

 
Ed ex cel  an d  BTEC Qu al i f i ca t ion s 

 

Edexcel and BTEC qualificat ions are awarded by Pearson, the UK’s largest  awarding body. We provide a wide

range of qualificat ions including academ ic, vocat ional, occupat ional and specific program m es for em ployers.

For further inform at ion visit  our qualificat ions websites at  www.edexcel.com  or www.btec.co.uk. Alternat ively,

you can get  in touch with us using the details on our contact  us page at  www.edexcel.com / contactus. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Pear son :  h e lp in g  p eop le p r og r ess, ev er y w h er e 

 

Pearson aspires to be the world’s leading learning com pany. Our aim  is to help everyone progress in their  lives

through educat ion. We believe in every kind of learning, for all k inds of people, wherever they are in the world.

We’ve been involved in educat ion for over 150 years, and by working across 70 count r ies, in 100 languages,

we have built  an internat ional reputat ion for our com m itm ent  to high standards and raising achievem ent

through innovat ion in educat ion. Find out  m ore about  how we can help you and your students at :

www.pearson.com / uk 

 

 

 

 

 

 

 

 

Sum m er 2016 

Publicat ions Code 6669_01_1606_MS 

All the m ater ial in this publicat ion is copyright  

©  Pearson Educat ion Ltd 2016 

  



 

 

Gen er a l  Mar k in g  Gu id an ce 

 

 

 All candidates m ust  receive the sam e t reatm ent .  Exam iners m ust  m ark the first  

candidate in exact ly the sam e way as they m ark the last .  

 Mark schem es should be applied posit ively. Candidates m ust  be rewarded for what  

they have shown they can do rather than penalised for om issions.  

 Exam iners should m ark according to the m ark schem e not  according to their  

percept ion of where the grade boundaries m ay lie.  

 There is no ceiling on achievem ent . All m arks on the m ark schem e should be used 

appropriately.  

 All the m arks on the m ark schem e are designed to be awarded. Exam iners should 

always award full m arks if deserved, i.e. if the answer m atches the m ark schem e.  

Exam iners should also be prepared to award zero m arks if the candidate’s response 

is not  worthy of credit  according to the m ark schem e. 

 Where som e judgem ent  is required, m ark schem es will provide the pr inciples by 

which m arks will be awarded and exem plificat ion m ay be lim ited. 

 When exam iners are in doubt  regarding the applicat ion of the m ark schem e to a 

candidate’s response, the team  leader m ust  be consulted. 

 Crossed out  work should be m arked UNLESS the candidate has replaced it  with an 

alternat ive response. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 

PEARSON EDEXCEL GCE MATHEMATI CS 

 

Gen er a l  I n st r u ct ion s f o r  Mar k in g  

 

1.  The total num ber of m arks for the paper is 75 

 

2.  The Edexcel Mathem at ics m ark schem es use the following types of m arks:  

 

 M  m arks:  Method m arks are awarded for ‘knowing a m ethod and at tem pt ing to apply it ’,  unless 

otherwise indicated. 

 A  m arks:  Accuracy m arks can only be awarded if the relevant  m ethod (M)  m arks have been 

earned. 

 B  m arks are uncondit ional accuracy m arks ( independent  of M m arks)  

 Marks should not  be subdivided. 

 

3.  Abbreviat ions 
 

These are som e of the t radit ional m arking abbreviat ions that  will appear in the m ark schem es.  

 

 bod – benefit  of doubt  

 ft  – follow through 

 the sym bol     will be used for correct  ft  

 cao – correct  answer only  

 cso -  correct  solut ion only. There m ust  be no errors in this part  of the quest ion to obtain 

this m ark 

 isw – ignore subsequent  working 

 awrt  – answers which round to 

 SC:  special case 

 oe – or equivalent  (and appropriate)  

 d… or dep – dependent  

 indep – independent  

 dp decim al places 

 sf significant  figures 

  The answer is pr inted on the paper  or ag-  answer given 

      or d… The second m ark is dependent  on gaining the first  m ark 

  



 

 

4.  All A m arks are ‘correct  answer only’ ( cao.) , unless shown, for exam ple, as A1 ft  to indicate 

that  previous wrong working is to be followed through. After a m isread however, the 

subsequent  A m arks affected are t reated as A ft .  

 

5.  For m isreading which does not  alter the character of a quest ion or m aterially sim plify it ,  deduct  

two from  any A or B m arks gained, in that  part  of the quest ion affected.  

 

6.  I f a candidate m akes m ore than one at tem pt  at  any quest ion:  

 I f all but  one at tem pt  is crossed out , m ark the at tem pt  which is NOT crossed out .  

 I f either all at tem pts are crossed out  or none are crossed out ,  m ark all the at tem pts and 

score the highest  single at tem pt . 

 

7.  I gnore wrong working or incorrect  statem ents following a correct  answer. 



 

 

Gen er a l  Pr in cip les f o r  Fu r t h er  Pu r e Mat h em at ics Mar k in g  

(But  note that  specific m ark schem es m ay som et im es overr ide these general pr inciples) . 

Met h od  m ar k  f o r  so lv in g  3  t er m  q u ad r at ic:  

 

1 . Fact o r i sat ion  

2( ) ( )( ), wherex bx c x p x q pq c      ,  leading to x =  … 

2( ) ( )( ), where andax bx c mx p nx q pq c mn a       ,  leading to x =  … 

 

2 . Fo r m u la 

At tem pt  to use the correct  form ula (with values for a, b and c) .  

 

3 . Com p let in g  t h e sq u ar e  

Solving 2 0x bx c   :  

2

0, 0
2

b
x q c q

      
 

 ,  leading to x =  … 

Met h od  m ar k s f o r  d i f f er en t ia t ion  an d  in t eg r at ion :  

1 . Di f f er en t ia t ion  

 Power of at  least  one term  decreased by 1. (
1 nn

xx )  

2 . I n t eg r at ion  

 Power of at  least  one term  increased by 1. (
1 nn

xx )



 

 

Use o f  a  f o r m u la  

Where a m ethod involves using a form ula that  has been learnt , the 

advice given in recent  exam iners’ reports is that  the formula should 

be quoted first . 

Norm al m arking procedure is as follows:  

Method m ark for quot ing a correct  formula and at tem pt ing to use it ,  

even if there are sm all errors in the subst itut ion of values. 

Where the formula is not  quoted, the m ethod mark can be gained by 

im plicat ion from  correct  working with values, but  m ay be lost  if 

there is any m istake in the working. 

 

Ex act  an sw er s 

Exam iners’ reports have em phasised that  where, for exam ple, an 

exact  answer is asked for, or working with surds is clear ly required, 

m arks will norm ally be lost  if the candidate resorts to using rounded 

decim als. 

  



 

 

 

Question 

Number Scheme Notes 
 

Marks 

1. 2 1 3

1 3

2 1

k

k

  
   
  

A  

2det 2( 3) ( 6) 3( 2) 1k k k row       A  

or e.g. 

2

det ( 3) ( 2 6) 3(2 2) 2

det 2(3 3) ( 6 3 ) ( 2 ) 3

det 2( 3) ( 3) 2(3 3) 1

det ( 6) ( 2 6) ( 6 3 ) 2

det 3( 2 ) 3(2 2) ( 2 ) 3

k k k row

k k k row

k k k col

k k k col

k k k col

       
       
      

        
        

A

A

A

A

A

M1: Correct attempt at determinant 

(3 ‘elements’ (may be implied if 

one is zero) with at least two 

elements correct). Note that there 

are various alternatives 

depending on the choice of row 

or column. 

M1A1 

A1: Correct determinant in any 

form

Note that e.g. 
1 3 3 1

det 2 3
1 2 2 1

k k

k k
   

 
A  scores no marks until the 

determinants are ‘extracted’. 

 

22( 3) ( 6) 3( 2) 0 ...k k k k         
 

Sets their detA = 0 (= 0 may be 

implied) and attempts to solve a 3 

term quadratic (see general 

guidance) as far as k = ... NB 

Correct quadratic is 2 6 0k k    

M1 

( 2)( 3) 0 2, 3k k k       Both values correct A1 

  (4)
   Total 4 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Question 

Number Scheme Notes 
 

Marks 

2. 2

ln , 2 3
8

x
y x x   

 

 
d 1

d 4

y x

x x
   

Correct derivative. Allow any correct 

equivalent e.g. 
2 1

8

x

x
  

B1 

2 2
d 1

1 d 1 d
d 4

y x
L x x

x x

                           Use of a correct formula using their 

derivative and not the given y. 
M1 

22 2

2 2

1 1 1 1 1 1
1 d d d d

16 2 16 2 4 4

x x x x
x x x x

x x x x

                        
           

M1: Squares their derivative to obtain 2 2 ,ax bx c
  where none of a, b or c are zero 

– this may be implied by e.g. 
4 2

2

ax bx c

dx

 
 and adds 1 to their constant term.  

A1: Correct integrand 
1

4

x

x
 or equivalent e.g. 

2 4

4

x

x


(integral sign not needed) 

M1 A1 

2

ln
8

x
kx   Correct integration A1 

3
2 2 2

2

3 2
ln ln 3 ln 2

8 8 8

x
x

     
        

     
 

Substitutes 2 and 3 into an 

expression of the form 
2 ln ( , 0)px q x p q  and subtracts 

the right way round. Must be seen 

explicitly or may be implied by a 

correct exact answer for their 

integration. If the candidate gives 

the final single answer in decimals 

with no substitution shown, e.g. 

1.030…this is M0. 

M1 

5 3
ln

8 2
  Cao and cso (oe e.g 

3
0.625 ln

2
 ) A1 

  (7)

   Total 7
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

Question 

Number 
Scheme Notes Marks 

3(a) arcoth coth

or e.g.

arcoth coth

y x y x

u x u x

  

    

Changes from arcoth to coth 

correctly. This may be implied by 

e.g. 
1

tanh y
x

  
B1 

2 2

2 2

cosh d sinh cosh 1

sinh d sinh sinh

y x y y
x

y y y y

 
     

 
 

Uses 
cosh

coth
sinh

y
y

y
 and attempts 

product or quotient rule 

M1 

2

2

2

2

d
cosech 1 coth

d

d 1
*

d 1 coth

1

1

x
y

y

y

x

y

y x

   


  



 
Correct completion with no errors 

seen and an intermediate step 

shown. 

A1* 

  (3)

 (a) Alternative 2 

 
arcoth cothy x y x    

Changes from arcoth to coth correctly.

This may be implied by e.g. 
1

tanh y
x

 B1 

 
2 2

2

d d
cosech 1 or cosech

d d

d 1

d cosech

y x
y y

x y

y

x y

   

  
 
 
 

 
2 2d d

cosech 1 or cosech
d d

y x
y y

x y
     M1 

 
2 2

2

d 1
coth 1 cosech

d 1
*

y

x x
y y   


 

Correct completion with no errors seen 

and an intermediate step shown. 
A1* 

 (a) Alternative 3  

 
arcoth cothy x y x    

Changes from arcoth to coth correctly

This may be implied by e.g. 
1

tanh y
x

 B1 

    
 

2 2 2 22

22
2

e 1 2e e 1 2ee 1 d
coth

e 1 d e 1

y y y yy

y
y

x
x y

y

  
   

 
Expresses cothy in terms of 

exponentials and differentiates 
M1 

 

 

2
2 4 2 2 2

2

2 2 2
2

d 4e d e 2e 1 e 2 e e e 1
sinh

d d 4e 4 2 coseche 1

y y y y y y y

y
y

x y
y

y x y

       
             

 

2 2

1 1
*

1 coth 1y x
 

 
 

Completes correctly with no errors 

A1* 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (a) Alternative 4  

 
arcoth cothy x y x    

Changes from arcoth to coth correctly 

This may be implied by e.g. 
1

tanh y
x

  
B1 

    
 

2 2

2

e e e ee e d
coth

e e d e e

y y y yy y

y y
y y

x
x y

y

 

 

  
   

 
 

Expresses cothy in terms of 

exponentials and differentiates 
M1 

 

 2 2

d 4 d 1

d d coseche ey y

x y

y x y


  


   

 
2 2

2

d 1
coth 1 cosech

d 1
*

y

x x
y y   


 

Correct completion with no errors seen 

and an intermediate step shown. 
A1* 

   

 (a) Alternative 5  

 1 1
arcoth ln

2 1

x
y x

x

     
 Correct ln form for arcoth B1 

    
 2

1 1d 1 1

d 2 1 1

x xy x

x x x

   
  

   
 

or 

   

   

1 1 1 1
ln ln 1 ln 1

2 1 2 2

d 1 1

d 2 1 2 1

x
x x

x

y

x x x

       

  
 

 

Attempts to differentiate using the chain 

rule and quotient rule or writes as two 

logarithms and differentiates. 

M1 

 
2

d 1

d 1

y

x x



 Correct completion with no errors seen. A1 

 

Note that use of 
1
2

1 1
arcoth

1artanh
ln

1

x
xx

x

 
 
  

  
    

scores no marks  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (a) Alternative 6 

 
arcoth cothy x y x    

Changes from arcoth to coth correctly

This may be implied by e.g. 
1

tanh y
x

 B1 

 
2

2

1 1 d
tanh sech

d

y
y y

x x x
     

2

2

1 d
sech

d

x
y

x y
    M1 

 

2 2 2

1 1 d d 1
1

d d 1

y y

x x x x x

        
 

Correct completion with no errors 

seen. 
A1* 

 (a) Alternative 7  

 1
arcoth artanhy x

x

    
 

 
Expresses arcoth in terms of artanh 

correctly 
B1 

 2

2

d 1

d 1
1

y
x

x

x

 
   
 

 

Differentiates using the chain rule M1 

 
2 2

1 1

1 1x x


 

 
 

Correct completion with no errors 

seen. 
A1* 



 

 

 

 

 

 

 

 

 

 

 

 

 

(b)    
2

2 1

1

d
arcoth 2 arcoth

d x

y
y x x

x 
     Correct first derivative B1 

   
2

2

1 2
2 2

2

d

d

2
1 4 arcoth 1

1

y

x
x x x x

x

 
    


 

 
   

2

2
2

22 2
2

2

1

1
2 1 2arcoth 2

d

d 1

4 arcoth 2

1

x
x x x

y

x x

x x

x


   




  
  

 

M1A1 

M1: Attempts product or quotient rule on an expression of the form 
2

arcoth

1

x

x

k


 

Product rule requires    2 2
2 21 arcoth 1P x Qx x x

 
    oe 

Quotient rule requires

 2
2

arcoth

1

P Qx x

x

 


oe 

 

   
  2

2
2 2

22
2

2arcoth

1

d d 4 arcoth 2
1 2 1 2

d d 1

x

x

y y x x
x x x x

x x x 

              

 

or 

 
2

2

2 2

d 2 d
1 2

d 1 d

y y
x x

x x x

       
 

M1 

M1: Substitutes their first and second derivatives into the lhs of the differential equation 

or multiplies through by (1 – x2) and replaces  
2

1

1
2 arcoth

x
x


 by 

d

d

y

x
 

 

 
2

2

2 2

d d 2
1 2

d d 1

y y
x x

x x x
  


 Correct conclusion with no errors A1cso 

  (5)

 (b) Alternative 1

    
2

2 1

1

d
arcoth 2 arcoth

d x

y
y x x

x 
     Correct first derivative B1 

 

   
2

2 2

2

d d d
1 2arcoth 1 2 ...

d d d

y y y
x x x x

x x x
       

M1: Multiplies through by 21 x and 

attempts product rule on  2 d
1

d

y
x

x
 . 

Requires   
2

2

2

d d
1

d d

y y
x Px

x x
  oe 

M1A1 

A1: Correct differentiation 

  
2

d 2arcoth 2

d 1

x

x x



 

Differentiates rhs using the result 

from part (a) 
M1 

  
2

2

2 2

d d 2
1 2

d d 1

y y
x x

x x x
  


 Correct conclusion with no errors A1cso 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 (b) Alternative 2

   1 1
2 2

2

2 1

1

1 d
arcoth arcoth

2 d x

y
y x y x y

x




      Correct differentiation B1 

 
 

31
2 2

22

22
2

21 d 1 d

2 d 4 d 1

xy y
y y

x x x

     
  

 

M1: Correct use of product rule to 

give 

31
2 2

22

2

d d

d d

y y
py qy

x x

     
 

 
M1A1 

A1: 
 

31
2 2

22

22
2

21 d 1 d

2 d 4 d 1

xy y
y y

x x x

     
  

 

Then substitute as before to obtain 
2

2

1 x
 M1A1cso

  Total 8 



 

 

 

 

 

 

 

 

 

 

 

 

Question 

Number 
Scheme Notes Marks 

4(i) 

 2215 2 16 1x x x      

Correct completion of the square. Allow 

e.g.  2215 2 1 16x x x         

Allow 42 for 16 

B1 

 

 2

1 1
d arcsin

416 1

x
x

x

   
    

M1: karcsin(f(x)) 
M1A1 

 A1: Correct integration 

 5

3

1 1
arcsin arcsin1 arcsin

4 2

x         
 Correct use of correct limits dM1 

 

3


   A1 

 May see:  

 

 2215 2 16 1x x x      

Correct completion of the square. 

Allow e.g. 

 2215 2 1 16x x x         

Allow 42 for 16 

B1 

 

 2

1 1
d arcsin

416 1

x
x

x

    
    

M1: karcsin(f(x)) 
M1A1 

A1: Correct integration 

 
 

5

3

1 1
arcsin arcsin 1 arcsin

4 2

x                  
Correct use of correct limits dM1 

 

3


   A1 

 By substitution 1:  

 

 2215 2 16 1x x x      

Correct completion of the square. 

Allow e.g. 

 2215 2 1 16x x x         

Allow 42 for 16 

B1 

 

   2 2

1 1
1 4 sin d 4 cos d

16 1 16 4 sin

x x

x

  


   
     

 

 

d    

M1: A full substitution leading to 

k or their variablek   M1A1 

A1: Correct integration 

   2

6 2 6





     Correct use of correct limits dM1 

 

3


   A1 



 

 

 

 

 

 

 

 

 

 

 By substitution 2:  

 

 2215 2 16 1x x x      

Correct completion of the square. 

Allow e.g. 

 2215 2 1 16x x x         

Allow 42 for 16 

B1 

 

 2 2

1 1
1 d d

1616 1

x u x u
ux

   
    

 

 

2

1
d arcsin

416

u
x

u

   
   

M1: karcsin(f(u)) 
M1A1  A1: Correct integration 

 4

2

1
arcsin arcsin1 arcsin

4 2

u        
 Correct use of correct limits dM1 

 

3


   A1 

 By substitution 3:  

 

 2215 2 16 1x x x      

Correct completion of the square. 

Allow e.g. 

 2215 2 1 16x x x         

Allow 42 for 16 

B1 

 

   2 2

1 1
1 4 cos d 4 sin d

16 1 16 4 cos

x x

x

  


    
     

 

 

d      

M1: A full substitution leading to 

k or their variablek   M1A1 

A1: Correct integration 

  
3

0
0

3


    Correct use of correct limits dM1 

 

3


   A1 

   (5)

(ii)(a) e e e e
5cosh 4sinh 5 4

2 2

x x x x

x x
     

     
   

 
Substitutes correct exponential 

forms 
B1 

e 9e e 9e
or

2 2 2

x x x x 
   

Expands and collects terms in  

e and ex x  
M1 

2e 9
*

2e

x

x


 Correct completion with no errors A1* 

 
More working may be shown but allow e.g. 

2e 9e e 9

2 2e

x x x

x

 
 or 

2e 9e e 9

2 2 2e

x x x

x

 
    

  (3)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) 
d

e e
d

x xu
u

x
    

Correct derivative. Allow equivalents 

e.g. 
d 1

, d e d
d

xx
u x

u u
   

B1 

2 2

2e 2 d
d .

e 9 9

x

x

u u
x

u u


    

Complete substitution into
2

2e
d

e 9

x

x
x

 . Condone 

omission of “du” provided the substitution is 

otherwise complete apart from this. 

May be implied by e.g. 
2

2
d

9
u

u   

M1 

 2
arctan

3 3

u
c

   
 

 
karctan(f(u)) only. Dependent on 

the first method mark. 
dM1 

 2 e
arctan

3 3

x

c
 

  
 

 Cao (+c not required) A1 

 (4)

   Total 12 



 

 

 

 

Question 

Number Scheme Notes Marks 

5 2 2

1 (4sec ,3 tan )
16 9

x y
P      

(a) 

 

2

1 1
2 22 2

1
2 2

d 3sec 3

d 4sec tan 4sin

or

2 2 d d 8sec 9
0

16 9 d d 16 6 tan

or

d 3
3 1 1

16 d 2 16 8

4sec3 4sec
1

2 16 8

y

x

x y y y

x x

x y x x
y

x


  




 





   
 

    

   
       

   

 
  
 
 

 

M1: Correct gradient method.  

Finds 2d
sec

d

y
p 


  and 

d
sec tan

d

x
q  


  and uses 

d d d

d d d

y y

x x




  or differentiates 

implicitly to give 
d

0
d

y
px qy

x
  and 

substitutes for y and x to find 
d

d

y

x
 

or differentiates explicitly to give  

 
1

2 2
d

1
d

y
px qx

x


  and substitutes 

for x 

M1 A1 

A1: Correct derivative in terms of 

trig. functions, e.g. 
23sec 8sec 9

,
4sec tan 16 6 tan

 
  

  

Does not need to be simplified. 

Normal gradient 
4sin

3


  

Correct perpendicular gradient rule. 

Does not need to be simplified. 
M1 

 4sin
3 tan 4sec

3
y x

      

Correct straight line method using a 

gradient (does not need to be 

simplified) in terms of  that has 

come from calculus and is not the 

tangent gradient. If they use y = mx + 

c then they must reach as far as 

finding c. 

M1 

3 4 sin 25tan *y x     

Correct proof with no errors and one 

intermediate step from the previous 

line. Allow 25tan 3 4 siny x    
A1* 

  (5)
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

(b) 

   2 2 2 2 5
1 9 16 1

4
b a e e e        

M1: Use of the correct eccentricity 

formula to obtain a value for e M1A1 

A1: Correct value for e. Ignore ± 

16 4
or

55
4

a
x x

e
    etc. Correct value for 

a

e
 Ignore ± A1 

16 16
, 3 2 2 25

4 5 5
x y

        

Substitutes 
4

  into the given 

normal equation and uses their 

positive directrix equation to obtain 

an equation in y or in y and e only. 

M1 

25 32
2

3 15
y    

B1: 
25

3
a  oe or 

32

15
b   oe B1B1 

(A marks 

on EPEN) B1: 
25

3
a  oe and 

32

15
b   oe 

 Special Case: If the correct form of the answer is never seen but it appears correctly 

as a single fraction, allow B1B0 e.g. 
125 32 2

15
y


  

 

   (6)

  Total 11 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

Question 

Number 
Scheme Notes Marks 

6(a) 2 0 2 2

2 6 2 2 2

0 2 1 1

p

q


    

             
         

 

or 

2 0 2 0

2 6 2 2 0

0 2 1 0

p

q






     
             
          

 

This statement is sufficient for this 

mark. May be implied by one correct 

equation e.g. 

2 4 2 ,

4 12 2 2 ,

4

p

q






 
    
 

 

M1 

4 12 2 2 9         

M1: Compares y-components to obtain 

a value for . Note that 

4 12 2 2     leading to a value for 

 scores both method marks. If working 

is not clear, at least 2 terms of 

" 4 12 2"   should be correct. 

M1A1 

A1: Correct eigenvalue 

  (3)

(b) 
9 2 4 18 7

9 4 9 5

p p

q q



     
     

 

M1: Uses their eigenvalue to form an 

equation in p or q 
M1A1A1 

A1: Either p = 7 or q = 5 

A1: Both p = 7 and q = 5 

  (3)

(c) 7 2 0

2 6 2 6

0 2 5

x x

y y

z z

    
           
         

   

7 2 6

2 6 2 6

2 5 6

x y x

x y z y

y z z

 
    

  
 M1 

Uses the eigenvalue 6 and their value of p or q correctly to obtain at least 2 

equations. 
 

1
2

2 1

1 or e.g.

2 1

   
   
   
       

 

This vector or any multiple of this 

vector. 
A1 

Note that an eigenvector can be found from the cross product of any 2 rows of 

6M I e.g. 

4

2 0 2 2

0 2 1 4

 
     
    

i j k

  

  (2)
 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

(d) 
2 "2" 1

2 "1" 2

1 " 2" 2

 
   
  

P  

Correct ft P. This should be a matrix of eigenvectors two 

of which are given in the question together with their 

eigenvector found from part (c). If an attempt is made to 

normalise the eigenvectors then allow the ft if slips are 

made when normalising. 

B1ft 

"9" 0 0

0 6 0

0 0 3

 
   
 
 

D  

Forms the matrix D by writing the eigenvalues 6, 3 and 

their  on the leading diagonal and zeros elsewhere or 

attempts to calculate T
P MP to obtain a single 3 by 3 

matrix. Consistency not needed for this mark. 

M1 

2 2 1 9 0 0
1

2 1 2 , 0 6 0
3

1 2 2 0 0 3

    
          

        

P D or 

2 2 1 81 0 0

2 1 2 , 0 54 0

1 2 2 0 0 27

    
           

        

P D

Fully correct and consistent matrices 

A1 

Note that the answers to part (d) may be implied e.g. 

T

2 2 1 7 2 0 2 2 1 81 0 0

= 2 1 2 2 6 2 2 1 2 0 54 0

1 2 2 0 2 5 1 2 2 0 0 27

       
                 
          

D P MP  

Would score all 3 marks by implication. 

 

  (3)

   Total 11 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Question 

Number Scheme Notes Marks

7(a)  sin 2sin sin sin cos 2 cos sin 2

sin sin sin

n xnx nx nx x nx x

x x x

  
   

Expands  sin 2n x correctly 

M1 

 2sin sin 1 2 sin 2 sin cos cos

sin

nx nx x x x nx

x

  
  

Replaces cos 2x and sin 2x by the correct trigonometric identities 

M1 

2sin sin 2 cos cosnx x nx x     

 2 cos 1n x     

   2
2cos 1 d *

n n
I I n x x     

Correct completion with no 

errors. The 2n n
I I  does not 

need to be seen explicitly but 

 2cos 1 dn x x must seen, 

including the integral sign. 

A1* 

  (3)

 (a) Way 2 (factor formula) 

 

 
2 2

2 cos sin
sin 2sin 2 2

sin sin sin

nx nx x nx nx x

n xnx

x x x

      
          

Use of the correct factor formula

M1 

  2 cos sin

sin

nx x x

x


  

Attempts to replaces 2nx nx x  with 2 2nx x  

and attempts to replace 2nx nx x   with 2 x  
M1 

  2 cos 1n x     

 

   2
2cos 1 d *

n n
I I n x x    

Correct completion with no errors. 

The 2n n
I I  does not need to be seen 

explicitly but  2cos 1 dn x x must 

seen, including the integral sign. 

A1* 

 (a) Way 3  

   sin 1
d

sin
n

n x x
I x

x

 
   

Uses

  sin sin 1nx n x x    
M1 

    sin 1 cos sin cos 1
d

sin

n x x x n x
x

x

  
   

Expands   sin 1n x x 
correctly 

M1 

    sin sin 21
d cos 1 d

2 sin

nx n x
x n x x

x

 
      

 
 2

1 1
cos 1 d

2 2
n n

I I n x x       

 
 2

2cos 1 d *
n n

I I n x x     
Correct completion with no 

errors.  
A1* 

 

 

 

 



 

 

 

 

 (a) Way 4  

   sin 2 2sin

sin sin

n x xnx

x x

 
  Uses   sin sin 2 2nx n x x    M1 

      2sin 2 1 2 sin 2 sin cos cos 2

sin

n x x x x n x

x

   
  

Replaces cos 2x and sin 2x  by the correct trigonometric identities 

M1 

      sin 2
2 sin sin 2 2 cos cos 2

sin

n x
x n x x n x

x


       

     sin 2
2 cos 2

sin

n x
n x x

x


       

 
 2 2 cos 1 dn nI I n x x      

 
 2

2cos 1 d *
n n

I I n x x     Correct completion with no errors.  A1* 

 (a) Way 5  

   sin sin 1nx n x x          and sin 2 sin 1n x n x x     M1 

           sin 1 cos cos 1 sin sin 1 cos sin cos 1sin 2sin

sin sin sin

n x x n x x n x x x n xn xnx

x x x

      
 

Replaces   sin 1n x x   with     sin 1 cos cos 1 sinn x x n x x   and 

Replaces   sin 1n x x   with     sin 1 cos cos 1 sinn x x n x x    

M1 

    sin 2 2 sin cos 1sin

sin sin sin

n x x n xnx

x x x

 
     

 

   2
2cos 1 d *

n n
I I n x x     

Correct completion with no errors. The 

2n n
I I  does not need to be seen 

explicitly but  2cos 1 dn x x must 

seen, including the integral sign. 

A1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

(b) 
cos 4 d sin 4x x k x  

or 

cos 2 d sin 2x x k x  

cos4x integrated to ±ksin4x 

or  

cos2x integrated to ±ksin2x 

M1 

1
2 cos 4 d sin 4

2
x x x  

and 

2 cos 2 d sin 2x x x  

Both 2cos4x and 2cos2x integrated 

correctly with the correct (possibly un-

simplified) coefficients 

A1 

 
3

2sin 4sin 5
d

sin 4

xx
x I

x
   

or 

 
1

2 sin 2sin 3
d

sin 2

xx
x I

x
   

One application of reduction formula. 

This may appear in any form and there 

does not need to be any integration  

e.g. 5 32 cos 4 dI x x I  or 

e.g. 3 12 cos 2 dI x x I   

M1 

 
3

2sin 4sin 5
d

sin 4

xx
x I

x
   

and 

 
1

2 sin 2sin 3
d

sin 2

xx
x I

x
   

Two applications of reduction formula. 

This may appear in any form and there 

does not need to be any integration  

e.g. 5 32 cos 4 dI x x I   

and 

e.g. 3 12 cos 2 dI x x I   

Note that 
sin 3

d
sin

x
x

x may be 

attempted using trig. Identities and 

can score full marks as long as use of 

the reduction formula is seen at least 

once. 

M1 

1
12

I


  (Could be implied by their final answer) B1 

    6

12

2sin 4 2sin 2 3 3 3 1

4 2 4 2 4 2

x x




 
     

 
 

Correct use of the given limits at 

least once on an expression of the 

form ±ksin4x or ±ksin2x 

M1 

 
6

12

sin 5 1
d 6 3 6

sin 12

x
x

x





    cao A1 

   (7)

 
Note that correct work leading to 

   2sin 4 2sin 2

4 2

x x
x

 
  

 
 or equivalent could 

score the first 4 marks 

   

   Total 10 
 



 

 

 

 

 

 

Question 

Number 
Scheme Notes Marks 

8   

(a) 

7

1 4 3 5

2 1 1 9

 
   
   

i j k

 

M1: Attempt cross product between 

direction vectors or any 2 vectors in 

the plane. If working is not shown 

or is unclear, 2 elements should be 

correct for their vectors for this 

mark. 

M1A1 

A1: Correct vector 

 
1 7

5 5 7 25 18

2 9

   
          
       

 

1

Attempts 5 their vector product

2

 
   
  

 
M1 

1 7

5 5 7 25 18 0 perpendicular

2 9

   
            
       

 Correctly obtains = 0 and gives a 

conclusion. 
A1 

Note: 

1 7

5 5 0 perpendicular

2 9

   
         
       

scores M1A0 here. 

However 

1 7

5 5 7 25 18 0 perpendicular

2 9

   
            
       

scores M1A1 

BUT 

If 

7

5

9

 
 
 
  

is incorrect then 

1

5 5 2

2

a

b a b c

c

   
          
      

needs to be seen to score the M mark 

  (4)

(b) 

7 1

5 2 8 7 5 9 8

9 1

x y z

   
           
      

 

 

M1: Uses + 2 i j k and their vector 

product to find the cartesian equation 

of 2 . You may need to check their 

“8” if no working is shown but it 

must be clear that + 2 i j k (or a 

point on the plane) is being used. 

M1A1 

A1: Correct equation (any multiple 

or equivalent equation) 

Note that part (b) is possible without part (a):  e.g. 

.    
1 2 , 2 4 , 1 3

3 7 and 2 5 9 9 7 2 8

7 5 9 8

x y z

y z x y y z x y

x y z

     
 

        

            

   

 

Score as M1: Full method leading to a Cartesian equation, A1: Correct equation 

 

  (2)



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) 55

7 5 9 5

1 5 2 40

 
    
    

i j k

 

M1: Attempt cross product of normal 

vectors. 
M1A1 

A1: 11 8k ( i j+ k)  

13 131 11 11
5 5 5 8 40

0 : (0, , 1),   0 : ( , 0, ), 0 : ( , , 0)x y z         

Note that points on the line satisfy 1
5

(11 , , 1 8 )t t t     
M1A1 

M1: Attempt point on the line (x, y and z). A1: Correct coordinates  

1
( ( )) (11 8 )

5
      r  j k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.

ddM1A1 

A1: Correct equation (oe) 

  (6)
   12 marks



 

 

 

 

 

 

 Alternatives for part (c) by simultaneous equations 

 Case 1: Eliminates y then obtains f(x) = g(y) = z 
 5 2 3, 7 5 9 8 8 11 11x y z x y z x z          

 8 11 11 11 11 11 40 13
, 5 2 3

11 8 8 5

x z z y
z x y z z

    
         

 8 11 40 13

11 5

x y
z

  
   

M1: Obtains  f(x) = g(y) = z 
M1A1 

A1: Correct expressions 

 
 
 

1311
8 40

11 1
8 8

0

1

zx y  
 


 

M1: Correct processing on at least one 

expression (not z) to enable 

identification of position and direction. 
M1A1 

A1: Correct equations 
 

11 13 11 1
( ( )) ( )

8 40 8 8
     r  i j i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 

 Case 2: Eliminates x then obtains f(x) = y = g(z) 
 5 2 3, 7 5 9 8 40 5 13x y z x y z y z           

 13 5 13 40
,

40 5

z y
y z

   
 

13 40 5 11
5 2 3

5 55

y x
x y y

         
 

 

 5 11 13 5

55 40

x z
y

   
   

M1: Obtains  f(x) = y = g(z) 
M1A1 

A1: Correct expressions 

 

 
 

1311
5 5

0

11 1 8

yx z 
 

 
 

M1: Correct processing on at least one 

expression (not y) to enable identification 

of position and direction. M1A1 

A1: Correct equations 

 

11 13
( ( )) ( 11 8 )

5 5
       r  i k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 

 Case 3: Eliminates z then obtains x = f(y) = g(z)  
 5 2 3, 7 5 9 8 5 55 11x y z x y z x y            

 55 11 11 5
,

5 55

y x
x y

   
 

11 5 11 11
5 2 3

55 8

x z
x x x

        
 

 
 

 55 11 11 11

5 8

y z
x

  
   

M1: Obtains  x = f(y) = g(z) 
M1A1 

A1: Correct expressions 

 

 
 

1
5

81
11 11

0 1

1

x y z  
 


 

M1: Correct processing on at least one 

expression (not z) to enable 

identification of position and direction. M1A1 

A1: Correct equations 

 

1 1 8
( ( )) ( )

5 11 11
      r  j k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Alternatives for part (c) by parameters 

 Case 1: Eliminates x 
 5 2 3, 7 5 9 8 8 11 11x y z x y z x z          

 
8 1 1

1 ,
11 5 11

x t z t y t         

M1: Obtains x, y and z in terms of 

 M1A1 

A1: Correct expressions 
 

1 1 8
: :

5 11 11
Pos Dir   j k i j k  

M1: Uses their equations to obtain 

position and direction M1A1 

A1: Correct position and direction 
 

1 1 8
( ( )) ( )

5 11 11
      r  j k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 

 Case 2: Eliminates y
 5 2 3, 7 5 9 8 40 15 13x y z x y z y z           

 
13 1

8 , 11
5 5

y t z t y t         

M1: Obtains x, y and z in terms of 

 M1A1 

A1: Correct expressions 
 

11 13 11
: : + 8

5 5 5
Pos Dir   i k i j k  

M1: Uses their equations to obtain 

position and direction M1A1 

A1: Correct position and direction 
 

11 13
( ( )) ( 11 8 )

5 5
       r  i k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 

 Case 3: Eliminates z  
 5 2 3, 7 5 9 8 8 11 11x y z x y z x z           

 
11 11 13 1

,
8 8 40 8

z t x t y t        

M1: Obtains x, y and z in terms of 

 M1A1 

A1: Correct expressions 
 

11 13 11 1
: : +

8 40 8 8
Pos Dir i j i j k  

M1: Uses their equations to obtain 

position and direction M1A1 

A1: Correct position and direction 
 

11 13 11 1
( ( )) ( )

8 40 8 8
     r  i j i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 



 

 

 

 

 

 

 

  

 Alternative for part (c) by finding 2 points on the line 
 13 131 11 11

5 5 5 8 40
0 : (0, , 1),   0 : ( , 0, ), 0 : ( , , 0)x y z         

M1: Attempts two points on the line 

A1: Two correct coordinates 

M1A1 

 Dir: 

1 11 13 11 1 8
+

5 5 5 5 5 5

        
 

j k i k i j k

M1: Subtracts to obtain direction 

M1A1 
A1: Correct direction 

 

1 11 1 8
( ( )) ( + )

5 5 5 5
     r  j k i j k 0  

ddM1: (r – their point)  their 

direction “= 0” not required for this 

mark. Dependent on both previous 

method marks.  
ddM1A1 

A1: Correct equation (oe) 
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